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^ Abstract 

We prove new results regarding the existence, uniqueness, (eventual) boundedness, (total) stability 
and attractivity of the solutions of a class of initial-boundary- value problems characterized by a quasi- 
'■O linear third order equation which may contain time-dependent coefficients. The class includes equations 

arising in Superconductor Theory and in the Theory of Viscoelastic Materials. In the proof we use 
a Liapunov functional V depending on two parameters, which we adapt to the characteristics of the 
problem. 

Oh 

'5 1 Introduction 

a 

S As known, dealing with (in)stability in non-autonomous problems in general requires careful generalizations 

of criteria and methods valid for autonomous problems, even in linear, finite-dimensional systems (see e.g. 
T— I [H [21 El miS] ) . Liapunov direct method in its general formulation applies to non-autonomous (as well as to 

^ autonomous) systems, but the construction of Liapunov functions is more complicated. 

In this paper we consider a class of non-autonomous initial-boundary-value problems having a number 
QQ of different physical applications and prove new results regarding the existence, uniqueness, boundedness, 

stability and attractivity of their solutions; the problems have the form 

O ( Lip^h{x,t,^), L{t) ■.= d1+adt~C{t)dl-e{t)dldt x e]Q,Til t>to, 

^ { (1-1) 

\ <^(O,i) = 0oW, (p(7r,t) = 0,(i), 

> v{x,to) = (Pq{x), ipt{x,tQ) = ipi{x). (1.2) 

• ^ 

^ Here $j= {(p,ip^,(pt), to > 0, s £ C^{I,T), C & C^{I,R+) (with / [0,oo[) are functions of t, with 

^ C(i)>C = const>0; a = const, e{t)>0, h e C{[0,tt]x I xR^); c/jq, c/j^ ^ C^il), uo,ui € C^{[0,Tr]) are 

assigned and fulfill the consistency conditions 

0o(io) = <^o(0), (})o{to) ^ ipi{0), (j)^{to) = ipo{tt), 0^(to) = <^i(7r). (1.3) 

We wish to compare problem ( |l.l| i- |1.2[ ) to the perturbed one 

f Lw^h{x,t,W) + k{x,t), a; e]0,7r[, i>to, 

(1-4) 

y u;(0, t) = 00 W+wo(0, w{tt, t) = 4)^{t)+w^{t), 

w[x,to) = (pa{x)+wo{x), Wt(x,to) = Lpi{x)+wi{x). (1.5) 

where W := {WjWxTWt), k e C([0, vrjx/), wo,w^ £ C^{I), wo,wi G C^([0, tt]) are assigned and fulfill the 
consistency conditions 

wo(io) = WoiO), wo(io) = wi{0), w^(to) = ^0(71"), w^(io) = wiin). (1.6) 
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Defining 

p{x,t) := ^w^{t) + (1-^) wo{t), u:=w-(p-p, uo{x) := wo{x)-p{x,to), 

ui{x) wi{x)-{dtp)ix,to) fix,t,U) ~ h{x,t,U+^ + P)-h{x,t,^)-{Lp){x,t) + k{x,t), 

where U :— {u,Ux,ut), P :— {p,PxTPt)j we find that u fulfills the initial-boundary- value problem 

r Lu^ f{x,t,U), a;e]0,7r[, t>to, 

\ u(0,t) = 0, u{Tr,t) = 0, 

u{x,to) = uq{x), ut{x,to) = ui{x). 



(1.7) 



(1.8) 



(1.9) 



uq,ui fulfill automatically the consistency condition uq{0) — iti(O) — uq(tt) — ui(7r) = 0. This shows that 
we can reduce the questions of stability, attractivity of some and of boundedness of w — to those of 
the the corresponding u around the origin u = 0. Note that if wq = w^ = 0, then p = 0, P = 0, k = 0, 
f{x, t, 0) = 0, and problem ( 1.8 ) admits the null solution, u{x, t) = 0. In ( 1.1 1, (1.8 ) the e-term is dissipative 



at t if e{t) > 0, and the a-term as well if a>0. 




Figure 1: Josephson Junction (left) and schematic representation of a Voigt material (right). W,L are the 
width and length of the J J, Is, H are the total superconducting carrent and the external magnetic field. 

Physically remarkable examples of problems ( |1.1[ + |1.2| include: 

- If h = bsm(p — "f, with 6, 7 = const, a modified sine-Gordon eq. describing Josephson effect [S] in 
the Theory of Superconductors, which is at the base (see e.g. 0) of a large number of advanced 
developments both in fundamental research (e.g. macroscopic effects of quantum physics, quantum 
computation) and in applications to electronic devices (see e.g. Chapters 3-6 in [5]): ip{x,t) is the 
phase difference of the macroscopic wavefunctions of the Bose-Einstein condensate of Cooper pairs in 
two superconductors separated by a Josephson junction (JJ), i.e. a very thin and narrow dielectric 
strip of finite length (Fig. [T]-left), the 7 term is the (external) "bias current" providing energy to the 
system, the term aipt is due to the Joule effect of the residual current of single electrons across the J J, 
the term e^p^xt is due to the surface impedence of the JJ. In the simplest model adopted to describe 
the JJ the parameters e, C are constant (e is rather small), and a = 0; more accurately, a is positive 
but very small; even more accurately, h — bsmip — j — jSipt cos and £,C,/3 are positive {s,/3 are very 
small), depend on the temperature and on the voltage applied to the J J (see e.g. which can be 
controlled and varied with t. Also 7 can be varied with t. Finally, if 7, or the temperature |10j . or the 
width of the junction |11[ I12j are spatially dependent, then new terms linear in tp^ may appear in the 
equation; in particular if the width is exponentially shaped the system may be modelled by the choice 
h = bsmp — j—/3(ptC0S(p—Xpx (A =const). 

- If a — 0, h — h{x, t), an equation (see e.g. [l3l[T4]) for the displacement (p{x, t) of the section of a rod 
from its rest position a; in a Voigt material: h is applied density force, C = c? = E / p, e = \/ p-q, where p 
is the linear density of the rod at rest, E, 77 are the elastic and viscous constants of the rod, which enter 
the stress-strain relation a = Ev + dtiy/ri, where a is the stress, v is the strain (as known, a discretizcd 
model of the rod is a series of elements consisting of a viscous damper and an elastic spring connected 
in parallel as shown in Fig. [I]-right). Again, E,ri may depend on the temperature of the rod, which 
can be controlled and varied with t. 
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Equations used to describe: heat conduction at low temperature ip [151 [IHl E] , if e = c^, = 0; sound 
propagation in viscous gases [TH] ; propagation of plane waves in perfect incompressible and electrically 
conducting fluids |19) . 



We see that the class of / arising from these examples and (1.7) is rather broad. 

The plan of the paper is as follows. As a preliminary step, we prove (section [2| under rather general 
conditions existence and uniqueness of solutions of the present problem by transforming the latter into one 
with constant coefficients, for which known existence and uniqueness theorems |20l 121) can be applied. In 
section [s] we present for the non-autonomous problem ( |l.l[ f |1.2[ ) boundedness and (asymptotic) stability 
theorems with respect to (w.r.t.) a suitable metric depending on t through e{t). These results generalize 
those of [22] - valid for constant C, e - and of [23l [24] - where we sticked to fixed boundary conditions and 
to functions / of the form f{x,t,U) — F{u) — a{x,t,U)ut with a > We adopt Liapunov direct method 
with a functional V explicitly depending not only on t, but also on two constant parameters 7, 6 which 
we adapt to the characteristics of the problem; their choice and the main properties of V are exposed in 



Lemma 3.1 We then use the powerful comparison method [26] to study the properties of the solutions of 
the first order (ordinary) differential inequality and of the associated differential equation arising from that 
lemma; the results are essential for proving the boundedness, attractivity and stability theorems for the 



problem ( 1.8|1.9[ ). Moreover, in section [4] we prove for the first time a theorem of stability of the solution 



of problem (1.84-1.9) when one perturbs also the right-hand side (rhs) of (1.8)i (total stability); in 
subsection |4.1| we present two significant classes of forcing terms to which such a theorem can be applied 
to study stability w.r.t. initial, boundary conditions and forcing term perturbations. Finally, in section 
[5] we illustrate by some examples that one can choose coefficients e{t),C{t) fulfilling the conditions of the 
above theorems and displying rather different behaviours - including periodic ones, or with e — > 0, or with 
e, C — > 00. 

Throughout the paper we shall use the notation h:=ini h{t), h:~ sup h{t) for any function h{t) defined 
on /. 



2 Existence and uniqueness of the solution 

We are going to prove the existence and uniqueness of the solution to the above problem under the assumption 
that e > for all t. To this end we note that problem ( |l.l[ f |1.2| ) without loss of generality can be reduced 
in two steps to one of the same kind where C, e are constant. 

Indeed, by the change of time variable 
t 

t^T{t):=- e{z)dz, => f--, dt = -dr, d^t^%dl + -dr (2.1) 

e J e e e 



(here e is a positive constant with the same dimensions as e) we transform ( jl.lj ) into a new equation of the 
form {(firr ^ e<<22;3;T-)£^[t(T)]/e^ — where the dots stand for an expression not depending on ifrr^'fixxT- By 
the change of the dependent variable 



(p ^ (p{x,T) ■.= b ^{t) (p[x,t{T)], b{T):—expJ 



eC[t{z)] 
e^[t{z)] 



(2.2) 



the equation is further transformed into {ipTT—ipxx~ ^'PxxT)b£'^ / £^ = where the dots stand for an expression 
not depending on iprr^'fixx^^xxT- Multiplying by e^/be'^ (by the above assumptions, in any finite interval 
[0,T] this function is bounded from above by a finite constant) the problem (1.1) & (1.2) takes the final 
equivalent form 

<f'TT-'Pxx-e(pxxr ^ H^^'^^V'^'Px^^t), X e]0,Tr[, T>T>To, 

(2.3) 

^(0, r) = 0o(t), (^(tt, r) = (/i^(t). 



^Thc latter problem has been recently treated also in 1251 . by an explicit Fourier decomposition of the solution of problem 

OHTgl. 
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(^(a;,To) (^o(a;), tq) = (^i(a;), (2.4) 



where 



to 



To: 



e{z)dz, 



f{x,T,(f,ip^,(pr) : = 



6(to) 



6(r) ' 

b-TT abrt br^e 
be be'^ 



t = t{T) 



Under the above assumptions on C, e, / is locally Lipschitz iff / is. This is now a problem already treated 
in [20] . where a theorem of existence and uniqueness of the solution has been proved formulating it as an 
equivalent integral-differential equation in any time interval [0,r], and applying the fixed-point theorem. 
This theorem can be applied now to the present context. [Note that requiring e > for all t we are not 
excluding that e may go to zero as t — oo: in any finite [0,T] it is in any case inf[o e{t) >0, so that the 
above definitions are safe.] We hope to further generalize this theorem elsewhere. 



3 Boundedness, stability, attractivity 
3.1 Preliminaries 



The solution of problem (|1.1|+|1.2|) and the solution w of the perturbed problem ( 1.4 11.5 1 are 'close' to each 



other iff M is a 'small' solution of problem (1.8 + 1.9) and coincide iff u is the null solution. We give a precise 
meaning to this introducing the distance between (p, w as the norm d[u^ Ut) of u, where the i-dependent norm 
ip) is defined by 



(3.1) 



plays the role of a weight for the second order derivative term ip^^ so that for e = this automatically 
reduces to the proper norm needed for treating the corresponding second order problem. Using the condition 
(/9(0) = = (^(tt) one easily derives that 



W{x)\ < d{tp,ip), 



e\Lp{x)\ < 7r2d((^», 



e\ip^{x)\ < 'K^d{ip,ip), 



(3.2) 



for any xj^ Therefore a convergence in the norm d implies also a uniform (in x) pointwise convergence of ip 
and a uniform (in a;) pointwise convergence of (px for e{t)^0. 

The notions of (eventual) boundedness, stability, attractivity, etc. are formulated using this distance, i.e. 
the norm of u, which we shall abbreviate as d{t) = dg(^fj\u{x,t),ut{x,t)^ whenever this is not ambiguous. 
Therefore, without loss of generality, to investigate these properties we consider problem (1.8 + 1.9). 



Def. 3.1 The solutions of ( 1.1|1.2 ) are bounded if for any a>0,ta>0 there exists P{a,to)>0 such that 

d{uo,ui) <a d{u,ut) < (3 \ft > to; 

eventually bounded if 3s{a) > such that this holds for tQ > s; (eventually) uniformly bounded if /3 = P{a). 



2prom vp2(x) = /q- dx"^(x') = f^ dx'2ip{x')^^{x') and 2|w^| < {'p+^D it follows ip^{x)<J^ dx'(^+^l)<J^ dx'(^+^l) < 
d^(ip,tp), as claimed. From 'fi{0) = = ip{7T) it follows that there exists 5 SjO)""! such that fxH) = 0; hence, using Schwarz 
inequality, 





X 


TT 


7r 


1 

2 


' TV 


=> e\ifx{x)\ < 


l'\eipyy(y)\dy 


< J\e'fiyy{y)\dy < 






J\e<fiyy{y)\^dy 









.0 







<TT2d 



as claimed. Finally, from <fi{x) = Jifiy(y)dy it follows |f:ip(2:)| < j]£ipy{y)\dy < j]£(fiy{y)\dy < J-n'iddy = tt'^ d, as claimed. 
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Def. 3.2 u{x,t) = is eventually quasi-uniform- asymptotically stable in the large if there exists a, t > 
such that for any p,a > there exist s{a) > t such that 

(i(uo,Mi) < Q, to > s{a) 3T{p,a,to) > s. t. d{u,ut) < p \ft > tQ-\-T. 

It is quasi-uniform- asymptotically stable in the large if this holds with s{a) = t and T — T{p,a) > 0. 



Suppose now that f{x, t, 0) = 0, so that u{x, t) = is a solution of problem ( 1.8 + 1.9 ). If / is defined 



as in ( 1.71 this occurs for p = 0, k = 0. 



Def. 3.3 u{x,t) = is stable if for any ct > there exists a (5((t, io) > such that 

c?(uo, ui) < (5(cr, io) =^ d{u,ut) < a \ft>tQ. 
It is uniformly stable if S = 6{a). 

We introduce the non-autonomous family of Liapunov functionals 

V=V{ip,ib,t;-f,0) ^{7^' + (£<P.x-V')'+ [Cil+i)-e+e{a+0)]ipl + a9ip'' + 29ipipyx (3.3) 

where 9, 7 are for the moment unspecified positive parameters. V reduces to the Liapunov functional of |22] 
for constant e, C = 1, 9 = a = 0. 



3.2 Main assumptions and preliminary estimates 

or e, C, like the ones dep 

C- ■.— C—C+. We assume that there exists a constant /x>0 such 
C~i>p{l+e), pe^+ps+e-{l+j)C- > (3.4) 



We consider rather general t-dependences for e, C, like the ones depicted in figures |2] To be more precise, 
' C{t) if C{t) > 
if C{t) < 0, 



denote C'-^.{t) 
that 



C>0, 



e>0, 



a+e > 0, 



We are not excluding the following cases: e{t) = for some t, e 0, e( t) = 0, e 00 [in view of (3.4)4 
the latter condition requires also C 00]; but, by condition (3.4)3, in (1.1 1 cither the term containing a 



or the one containing e in (1.1) is dissipative 



We recall Poincare inequality, which easily follows from Fourier analysis: 



^eC\[0,7r]), m^O, (^(71) = 0, 



dx (l)^{x) > dx(j) (x). 
Jo 



(3.5) 





Figure 2: Possible i-dependences for e, C 
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3.3 Upper bound for V 



From definition (3.3) and the inequalities —2etpxx'4'^^ fix~^''P : 29ipip<9{ip +^ ), (3.4)4 we easily find 



Cj+{C-e)[l + 



for all 7 > 0,6* > 9o := max{0, — a}. By (3.4)3 there exists Ag]0, 1[ such that a+Ae>0. Choosing 



> 6i — max < 2a, 



1-A 



(3.6) 



and setting 



, a+9 „ , , 49 9-a 

7>7i :=2 + max , a +1 ,2 — 

a EA + a e+a 



Git):^C{t)--iit) + l 



[note that by (3.4) it is G{t) > 1] we find that 



(3.7) 



(3.8) 



Viip,^,t;j,9) < - l[2jip'+2je^ipl,+ji2C-e)ipl+2jip^]dx<^G{t)d^ 



(3.9) 



3.4 Lower bound for V 

We find, on one hand, 



^2 / g \2 ^2 



{eX+a)9ip^ + 29ipij = -{eX+a)9ip^ + {e\+a)9 



LP 2i/j 



2 e\+a 



A9 

e\+a 



(3.10) 



(3.11) 



C(l+7)-£+£[a+(l-A)6l] > ^(l+£) + C7+e(a+(l-A)6l) > ^(l+e) + C7+£[a+(l- A)6'] . (3.12) 
In the last line we have used ( |3.4[ ), p.6[ ). On the other hand, 

7r 

V = ]^j^iP''+{e^xx-i^)\[C{\+i)-e+e{a+{l~\)9)] ^l+e\9{^l-^^)+{e\+a)9ip'+29^^'^dx. (3.13) 



From ( |3.10|3.13| , ( [3^ and eA+a > we find 



V > 



7-1^ 



49 



eX + a 



V'' + Y<pL+Kl+e) + C7+e(a+(l-A)e)] fl + -{eX + a)9^^ \ dx 



1 r 1 AO 3 

Xo:= ^min^ f^{l+e) + C-f+e{a+il- X)9) ,^-1- -{eX+a)9 } . (3.14) 



Xo is positive by (3.7). 
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3.5 Upper bound for V 

Let V{t;'^,9) :—V{u,Ut,t;j,6). Reasoning as in Ref. we find 



V{t;"f,e) = J <^ieu^x-ut){eu^xt-Utt+eu^a^) + [C{l+-/)-s+i{a+0)]^ 



'i{C{l+j)—i+e{a+9)]uxUxt+a9uut + 0uf + {'^ut + 9u)uu} dx 

■K 



-[C{l+i)-£+£{a^^9)]uxxUt+a9uut+9u^ + {'^Ut + du)[Cuxx+£Uxxt-aut + f]] dx 



+£Uxx - £{a+9)uxx + 0ut+^Cuxx+l£Uxxt+l f - a^ut] 
+9u[Cu,xx+eu^xt + I] + [C{l+i)-£+£{a+9)]^ > dx 

TT 

= / \£[{e-C)Uxx- f]Uxx+Ut[{f -aut){l+i}-£9uxx+9ut+^£Uxxt] 



+9u[Cuxx+£Uxxt + f] + [C{'^+i)-£+£{a+Q)]-^ \ dx 



e[{C-e)ul^ + fu^x\ + [a{l+-l)-9]ti^^ + \29C+e-e{a+9)-{l+-f)C 
^lult-[{^+l)ut+Ou]fyx. 
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(3.15) 



We shall use the following inequalities: (3.4), (3.5) and 



e[{C~e)ul^ + fuxx]dx > e[iJ.{l+e)ul^ + fuxx]dx = 



> 



£f^U^x + ^f^^ Uxx 





2„,2 _J_ 

r 







SfJ-Uxx+^fJ-^ ^xx- 



— £Uxx + ^ dx 

2 J^) n 



dx; 



C 



Ux-Uf 



dx > 



C 



u^~~uf 



dx 



^ 2/V 4/2 



C{ui-u')+\^/Cu-^] 



(3.16) 



dx>-j^dx] (3.17) 



W c 

{£7"xt + [«(l+7)-^] nl-{l+-f)fut] dx = / {e-f{ult-ul) + [e-i+a[l+-f)-9] ul-{l+-f)fut) dx 



7-1 
(e + a)^-^ — Va-i 



> 



7-1 
(e+a)^ — \-a-t 



7+1/! 
£+a 2 



7+1 



Ve + aut — 



/ 



s+a 2 



(3.18) 
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C[ --a)+£ + (C-£)(a+0)-(l+7)C 



> 



C{ --a]+e+nil+e){a+e)-il+j){C-+C+) 



^dx. 



(3.19) 



From ( [3J5pl9l ) we obtain 







7-1 



7+1/' 



C [ --a ) +£+M(l+£)(a+0)-(l+7)(C_+C+) 



* e+a 2 



C 



dx 



M22 ,5^2/2 2\|M22|M22|M 2 , / 2 2\,/^ 2 



7-1 

(e + a)^- — ^a- 



1 7+1 



e+Ate(a+6l)-(l+7)C_+C ( --a) +Ai(a+^ 



- Ux 



fi 2{e+a) C 



fdx+^^C^ 



'-dx 



< 



M 2 2 I /f 2 



7-I 

(e+a)^-+a- 



2 



2 



1 7+1 



fi 2{e+a) C 



fdx+^-^C+l'^dx (3.20) 



By the choices ( [3^6pJt of 9, 7 we find 



7-1 

(e + a)^-^ — ^a-O > (e + a) 



2+2- 



e+a 



■+a- 



[e+a+2(0-a)] -+a- 



e + a 



> 



[the last inequality follows from ^^3]. By and ( [S^pj] ) 

XI := imin{f,(e+a)^+a-0,f£2^C(f-a)+Ai(a+e)}, 

J{t) := iminj-^, (£+0)^+0-6*, ^e2+^£+e+/xe(a+6')-(l+7)C'_| 



are positive, and we find 



1+7 



V < -{xi + J)d' + -^B f'dx + — ^C+d 



1+7, 



(3.21) 



(3.22) 



We now assume 



B fdx < g{t)d^ + kit, d^) + 52 (i, <P) 



(3.23) 



where g{t),giitTfl) ( * = lj2 and i > 0, 77 > 0) denote suitable nonnegative continuous functions. Without 
loss of generality we can assume that gi{t,ri) are non-decreasing in 77; if originally this is not the case, we 
just need to replace gi(t,ri) by max gi(t,u) to fulfill this condition. 

0<U<7] 
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Note that if f{x,t, U = 0) = 0, as it is the case when / is obtained as in (1.71 with p = 0, then it is 
possible to choose cji so that 5i(t,0) = 0. 

Summarizing, we have proved 

Lemma 3.1 Assume e, C, g, gi(-,?7), g2{-,v) (v>^) '^'^c continuous nonnegative functions oft £ [0,oo[ such 
that e, C fulfill (3.4^ and g, gi, g2 fulfill {3.2^ . Then 



Xod'it) < Vit) < iG{t)dP{t) 
V<-mV + gi {t,V)+g2 {t,V). 



(3.24) 



where for i — \,2 



m ■■= b{t)-g{t), b{t) g{t) ^-^{C+ + ~g). 



By the "Comparison Principle" (a generahzation of GronwaU Lemma, see e.g. [26) 1 V is bounded from above 

V{t) < y(t), (3.25) 

by the solution y{t) of the Cauchy problem 

y^-i:{t)y + gi{t,y)+g2{t,y), y{to) ^ Vo = V{to) > 0; (3.26) 

the latter is equivalent to the integral equation 

vit) = yoe- ^0 ■^(^''^^ + e- ^4 [\g, (r, y(r)) +g, (r, y{r))]e^^l ^^^^''dr. (3.27) 



We therefore study the latter. If G < oo, then b{t) > const/7G p > 0, and the theorems of [22, apply. If 



G{t) oo and J < oo, then b{t) 0, and those theorems no longer apply. 

Lemma 3.2 Assume that^ G G([0,oo[) and g, gi{-,ri), (72('j^) (v^^) are continuous nonnegative functions 
of t £ [0, oo[ fulfilling the following properties: 



t—K>D 



3t>0 such that ^{t) > yt>t; 

oo 

/ g2{T,f])dT =: 0-2(77) < 00, V?7 > 0. 



(3.28) 



Then Va > ^/lere exist s{a) > t smc/i that ifO<yo<a,tQ> s{a), then the solution y{t;tQ,yo) of (3.26) 
fulfills 

< yit; to, yo) < /3(a) := 3a, t>to> s{a). (3.29) 
If gi = g2 = 0, then s(a) ~ 0. 



Proof By ( |3.28| ) 1 , if < ?/o < a then one finds for any t>tQ>t 

yoe ■'*o < a- 



(3.30) 



On the other hand, by (3.28)2 there exists a si{a) > t such that ^]pj^j'' < oi for all t > to > si(a); then 



dr 



(3.31) 



< ae 



to 



1 — e ■'to ^ ' 



< a. 
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By (3.28)3, there exists a S2(") ^ t such that J g2{T,/3)dT < a for ah > S2{a); then 

to 



^io J to 

ft pOO 

52(T,/3)dT< / g2{T,0)dT < a. 

Ho J to 



(3.32) 



Now let us suppose arf afoswrdwrn that, even if 0<yQ<a, there exists ii > ^ s(a) := max{si(a), S2(a)} 
such that 



y{ti;to,yo) = /3. 



for tQ < t < ti 



(3.33) 
(3.34) 



Because of (3.33) and the monotonicity of .gi(i, •) w.r.t. ry, for t £ [tQ,ti[ the right-hand side (rhs) of (3.27) 
is bounded from above by the sum of the rhs's of ( |3.30|3.32 ); this imphes 



yih;to,yo) < f3, 



against the assumption (3.34). Hence, (3.29) is proved 



□ 



By the previous lemma and (3.25 ), (3.24), for any a > not only the solution y(t) of the Cauchy problem 
(3.26), but also V{t) and (f{u, Ut), remain eventually uniformly bounded by l3{a) it < yo < a. By the 



monotonicity of gi{t,ri) w.r.t. r/ and the comparison principle |26j we find that y{t) is also bounded 

y{t) < z(t), t > to, (3.35) 

by the solution z{t) of the Cauchy problem 

z = -i;{t)z + gi{t,fi)+g2{t,/3), z{to) = zq (3.36) 



[which differs from (3.261 in that the second argument of gi is now a fixed constant /3 > 0], provided that 



zq = yoy E^nd to > s{a). We therefore study the Cauchy problem (3.361, keeping in mind that for our final 
purposes we will choose /3 = l3{a) = 3a, to = to{a) > s{a). 

Lemma 3.3 Assume tl) € C([0,oo[) and g, gi{-,ri), g2{',^) (v^^) '^^c continuous nonnegative functions of 

ip{t)dt = 00. 



t e [0,oo[ fulfilling {3.28) and 



(3.37) 

Then for any p > 0, to > t, a > there exists T{p, a, l3,to) > such that, if < Zo < a, the solution 

if t>to+T. (3.38) 



z(t;to,zo) 0/ (3.36 I is bounded as follows: 

< z{t;to,Zo) < p. 



Proof The solution z{t) = z{t;to,zo) is of the form 

' t 1 

- f 1p(T)dT - J 4,(T)dT 

z{t) = Zo e *o +e 



j4:{\)dX 

[gi{T,P)+g2{T,P)]eo dr. 



(3.39) 



to 



We now consider each of the three terms at the rhs of (3.391 separately. By (3.37), for all to > 

t— f 00 



Ito '^ir)'^''' — ^ ^! hence, there exists a To(p, a,to) > to such that 



Zo e 



*o i_ 



if t>To, zoe[0,a]. 



(3.40) 
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By (|3.28[)2, there exist cri(/3) > and Ti{l3,p) > t such that 



■4,{t) 



tl>{t) - 6 P 



if t>t, 
if t > Ti. 



(3.41) 



Moreover, by (3.37) there exists a r2(/3,p) > Ti such that for t > T2 



t Ti 
- J lp{T)dT J Tp{T)dT p 

e ai(/3)eo < ^. 



(3.42) 



Therefore, for tQ>t and t> Ts+io, 
t 



— / ^{T)dr 

e 



Jii>(\)d\ 

5i(r,/3)e« dr 



to 



-/V(T)dr 

< e 



^(r) 



V'(t) 



-e" rfr + e « 



^(t) = 



— / lp{T)d7 

< e 



/i/;(A)rfA -/i/)(r)dT 

-0(T)cri(/3)eo dr + e " 



V'(T)-e^ ar 
6 



Ti 



-~fxP{T)dr 

e » cri(/?) 



-/0(r)<ir 
e (7i(/3) 



fip{X}dX 



- f lp(T)dT p 

' ' 6 



J ^{\)d\ 



/V(A)dA /^(A)dA 

eo — e" 



- f^(T)dT p 

+ e ^ 
6 



Ji>i\)d\ /V(A)<iA 

e" —6° 



-J,p{T)dr /^(A)rfA -/^(r)drp J 4,{\)d\ 

< e CTi(/3)eo +e " -ef 



(3.43) 



where we have used (3.41), the nonncgativity of gi{t),'ip{t) for t > t, and (3.42). As for the third term at 
the rhs of (3.39), by (3.28l3 there exists T^{l3,p) > to such that 



00 

j g2(r,P)dT<^, 



(3.44) 



and by ( |3.37| ) there exists Ti{P, p) > T3 such that for t > T4 

T3 



g2{T,l3)dT < 



(3.45) 



Therefore for i > T4 



fip{X)d\ ~ J ^{T)dT 

ff2(T, /3)eo dr < e ° 



to 



g2(r,/3)e« (ir+ / ff2(r,/3)e« dr 



- /■0(r)(ir 

< e 



■ T3 Ti 
f V'(A)dA 



/ i/j(A)dA 

52 (r, /3) dT + e« 



52 (t, ^) dr 



T3 
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J tp{r)dr 



< 



T3 



dT + J 92iT,l3)dT 

T3 



< 



p 

6 



p 

6 



P 

3' 



(3.46) 



where we have used the nonnegativity of g2{t),ip{t) for t>t, (3.44) and (3.45). 

Let T{p,a,P to) : ^ maxl Tp, T2 , r4}. Collecting the results ( [3!39| , ( [Qo] ), ( |3l3| , ( [Qe] ) we find that the 
solution z{t) of ( |3.36 ) fulfills (3.38), as claimed. 



□ 



Remark 3.1 By (3.28), (3.37) the function "^{t) := ip(t)dt is nonnegative and increasing for t > t 
and diverges as t — >■ 00. if there exists a nonnegative, strictly increasing function h : [0, oo[i— > [0,oo[ such 
that h{0) = and 



io+A 



tlj{t)dt = *(to + A)-*(to) > h{A) 



yto>t, A > 



(3.47) 



to 



(with h not depending on Iq), then one can choose in (3.401 Tq = h ^ log (j^^ 



and Tq 



j_ 

4>o 



; then T becomes inde- 
pendent of to- A sufficient condition for (3.47) is that there exists a i/io > such that tp{t) > ipo > for 
all t > to, whence h{A) 



However it is not necessary: there are examples 
that satisfy (|3.47|) but not the latter. A class of such examples is obtained choosing / — r{t) sin ip, with a 



function r{t) such that the integral /q r'^{T)dT grows in the average as some power t-^, where x < 1 and in 
the case x 1 is smaller than pt for sufficiently large t, but may vanish somewehere; e.g. we could take 
a continuous function that vanishes everywhere except in intervals centered, say, at equally spaced points, 
where it takes maxima increasing with some power law ^ , but keeps the integral bounded, e.g. 







if 



if te[n~ 2K^,n\. 
otherwise, 



(3.48) 



with 7'o < p, a > 1, /3 e]a — l,a] and n e N (see [H]). The graph of (r(<)/ro)^ consists of a sequence 
of isosceles triangles enumerated by n, having bases of lenght l/n" and upper vertices with coordinates 
{x, y) = {n, 2n^). Their areas are An = 1/n.''', where 7 := a — /? G [0, 1[. Then we can set g{t) := 7rBr^(t), 
5i(0 = 52(i) = 0. 

We are now in the conditions to prove the following 



Theorem 3.1 Assume that e eC^j l), CeC^{I) fulfill (3.4), the function f of lhs{ 1.8) belongs to C([0,7r] 



/X 



and is bounded as in (3.231, where g{t), gi{t,r]), g2{t,v) (^ ^ 0: > 0) are continuous functions 
fulfilling the conditions (3.28), (3.37) . Then the solutions of the problem ( 1.8||1.9 ) are eventually bounded 
(uniformly if G is upper bounded). Moreover, u = is eventually quasi-uniform-asymptotically .stable in the 



large. It is quasi-uniform-asymptotically stable in the large if in addition {3.4'/) is fulfilled. 



Proof Under the assumption d{uo,ui) < a', by (3.24) we find yo = V{to) < a, where a := a''^jG{to). 
By (3.25) and the application of lemma 3.2 we find that y{t) [and therefore V{t)] is bounded by /3{a), and 
again by (3.24) we find d{t) < P'{a) •\//3(a)/xo for t > s'(a') :— s{a). If G is bounded the same works 
with G(io) replaced by G, yielding the (eve ntual) uniform boundedness, as claimed. On the other hand, 
we can now apply the comparison principle (3.35|3.36) and lemma 3.3 chosen p' > 0, we set p := Xop'^i 



T'{p' ,a' ,to) :— T[p,a, l3{a),to{a)]. As a consequence of (3.35), (3.38), (3.24) we thus find that for > s'{a') 
and t > to+T'{p',a'), 

d^(t)<m<yw<^M(^^<iL.,- 

Xo Xo Xo Xo 

namely w = is eventually quasi-uniform-asymptotically stable in the large, as claimed. □ 
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Remark 3.2. The two lemmas and the theorem are generahzations respectively of Lemmas 1,2 and 
Theorem 1. in [55], in that we allow here ^-dependent e and C. 



We shall use also the following modified version of Lemma 3.2 where s{a) :— t 



Lemma 



3.2 



Assume that ■0 e C([0, oo[) and g,gi ( i — 1,2) are continuous nonnegative functions 



depending only on t £ [0, oo[ and fulfilling the following properties 

3i>0 s. t. ip{t)>0 yt > t, 



lim - 



A/2 / g2{T)dT < 00. 




Then Va > 0, tQ>t, if < ya < a then the solution 2/(t;to,?/o) o/(3.26) fulfills 

< y(i;io,2/o) < /3(a), t>tQ, 

where 

P a + Ah+M2, Mi := sup | ^ 

t>t [ Va^) 



(3.49) 
(3.50) 



The lemma is proved using again (3.30) and replacing (3.311, (3.32) respectively by 
t t 



to 



t t 



Lemma 3.3 holds unmodified. Theorem |3 . 1 1 applies with s{a) = t, i.e. all the properties of the solutions 



become no more eventual. In particular this holds in the case gi — g2 ^ with AIi = M2 = 0; the latter 



situation may occur only if f{x,t, L/ = 0) = 0, by (3.23) 



Theorem 3.2 Assume that e eC^j l), C£C^{I) fulfill (3.4), the function f of lhs{ 1.8 \ belongs to C([0,7r]x 
/xM'^) and is bounded as in (3.23), where g(t), gi(t,T]), g2{t,ri) (t>0, rj > 0) are continuous functions 
fulfilling the conditions [3.28) and in addition f{x,t,0) = 0. Then the solution u = is stable [uniformly if 
G is upper bounded and (3.^1) is fulfilled]. 



Proof As /(x, t, 0) = then w = is a solution of ( 1.8[1.9 ). We prove that Lemma 3.2 implies its stability. 
In fact, we can choose ^ > as the independent parameter and a :— /3/3 as a dependent one. Under the 
assumptions of Lemma |3.2[ for any /3 > 

0<yo <«(/?), to > s" (/?):= s[a(/3)] ^ < y(t; to, 2/o) < if * > to- 

In particular, choosing io = one finds 

y[s"{P)] = y'i<a{P) ^ y{t; s" {I3),y'^) < p, if t > s"(/3). 

On the other hand, by the continuity of y{t; tQ, j/o), there exists a 6"{/3, to) G]0, a(/3)[ such that 

yQ<S", to € [t,s" (/?)], t e [to,s"(/3)] y{t;to,yo) <a{(3). 

As (5"(/3,to) is a continuous function of to in the compact domain [t,s"{/3)], this inequality holds also with 
6" replaced by the positive function 5(/3) := mintQ^\j^s"{i3)]{S" {P,to)}- It holds in particular for t = s"{l3), 
hence, setting y'^ = y[s" {l3);to,yo], together with the previous two relations and (5(/3) < a{P) it implies 



2/0 < 



to >t, 



t >tn 



0<2/(t;to,yo) </3- 



(3.51) 
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Now for any a > let 13 = 13 ( a) xqct^ , 5' {a , to) ~ ^6{l3) /-/G{t Q). By ( |3.24| we find that d(uo, "i) < ^' 
implies yo < S and therefore rhs(3.51); by (3.25) and again by (3.24) we find 



d{t) < a, 



t>to>t. 



(3.52) 



This amounts to the stabiUty of the null solution. Finally G < oo and (3.471 imply that S" , S are independent 
of to, so is S' := y 6{f3)/^G, and the null solution is uniformly stable. □ 



4 Total stability 



Consider the special case that one can choose gi , 52 so that 

5i(-,0) = 0, g2{t,y) ^ g2i{t,y) + g22{t), with g2i(-,0) = 



(4.1) 
(4.2) 



{g22 is necessarily nonnegative) . Problem (3.26) becomes 

y = -^(t) y + .91 (i, y) + 521 (i, y) + .922(0, y{to) = yo = Vito) > 0. 

We shall denote its solution as ?;(<; ioi J/o; <?22) when wc wish to emphasize the dependence on g22- 

Assume that ip,gi{-,r]) and 32(^7'?) =321 (i,??) +522(0 fulfill (4.1) and the conditions of Lemma 3.2 for 
any a > we apply the lemma and denote as s(a) the corresponding value of s{a). 

First, we define the set G of admissible perturbations related to §22 by setting 



G:=\reC{[t,oo[) 



r > 0, / r(r) dr < / 322 dr Vto > t 



to 



(4.3) 



and note that for all 522 G G inequality (3.32), and therefore also the claim (3.29), hold again for to > s{a), 
because 



52(T,/3)dT< / 52(T,/3)dr yto>t, /3 > 0. (4.4) 

J to 

Choosing /3>0 and setting a{f3) f3/3, from Lemma [3. 2 1 we find that for any to > s{l3):—s[a{f3)] = §{13/3) 
0<yo<a, .922 e G <y{t;to,yo;g22) < (3, t>to>s{0). (4.5) 



Second, we ask what we can say ii t < to < s{/3). Eq. (4.2) can be seen as a perturbation of the equation 

y* ^ -my* + 9i(t..y*) + g2i{t,y*), (4.6) 

which admits the solution y*{t) = 0; we show that to a{f3) < f3 and t < s{/3) there corresponds a (5(/3) < a{f3) 
such that 



t<to<siP), 0<yo<6{(3), 



922 S G, and 



jg22{T)dT <m 

t 

or sup 522 (t-) < <5(/3) 



< y{t;to,yo;g22) < a Vte [io, s(/3)], 
in particular y^ := 2/[s(/3); ^o, yo; 922] < a. 



(4.7) 



In fact, by Theorem 5.2 in [26| on the continuous dependence of the solution of (4.6) both on the initial data 
and on the perturbation term, to a{/3) < (3 and t < s{/3) there corresponds a Si{/3) < a{/3) such that 

i<to<s{(3), 0<yo<Si{(3), 522eG, J g22{r) dr < 6i{/3), 

to 

y{t;to,yQ;g22) = \y{t;to,yo;g22)-0\ < a yte[to,s{f3)]. 
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First, if we choose (722 G G such that ^g22^dT < 5i(/3) then of course the previous inequaHty is fulfilled. 

t 

Second, if we choose 1722 gG such that 522(1") < 62(1^ ■~Si{(3)/s{(3) for all T>t then 



HP) 



g22{T)dT <s2m'm-to]<Si{p) 



and again the same ine qua lity is fulfilled. These two arguments lead to (4.7) provided we set S(j3) := 
min{(5i(/3), (52(/3)}. Using (4.5) - after the replacement (ioi2/o) (*(/?)i!/o) " follows that the assumptions 



at the lhs(|4.7|) imply more generally 

0<y{t;to,yo]922)^y[t;sif3),y^;g22]<l3, Vi > 



This relation and (4.5) show that we have proved 



Lemma 4.1 Assume that ijj G C{I), <?i(-,?7), g2i'iV) ^ (rj>Q) are nonnegative functions fulfilling 

(3.28), (4--1)- Then, given a class of perturbations G, for any /3 > there exists a (5(/3) G ]0, /3[ such that 



the solution of [4- -2) fulfills 



?;oe]0,(5[, to>t, 522eG, Jg22iT)dT<S or sup 522 (t) < (5(5) 

t r>t 

0<y(t;io,yo;322) </3 yt>to. 



(4.8) 



We also introduce a notion of total stability, of t he s o lutio n u{x,t) = 0. Suppose that f{x,t,U) — 
f{x, t, U)+j{x, t) with f{x, t, 0) = 0, so that problem ( 1.8 + 1.9 1 admits the solution u{x, t) = when j = 0. 



Def. 4.1 u{x,t) = is totally stable if for any cr > there exist S{a), v{cr) > such that 

dt f{x, t)dx < V 

° ^ d{u,ut) < (J yt>to. 



or sup / j {x,t)dx < V 

t>to Jo 

We can now formulate the following total stability theorem: 



Theorem 4.1 Assume that £gC^(/), CeC^(/) fulfill (3.4), the function f of lhs( 1.8] is continuous and 
has the form f{x, t, U) = f{x, t, U)+j{x, t), with f(x, t,0) = and 



B / 2f'dx < g{t)d' + g,it,d') + g2i{t,d'), 
Jo 



(4.9) 



where (with notation as in Lemma 3.1) g(t), gi{t,ri), g2i{t,r]) are continuous functions fulfilling the con- 
ditions (3.28 ), 5i(t, 0) = 0, g2i(t, 0) = 0, and 



00 pTT 



dt / j (x, t)dx < 00. 
t Jo 



(4.10) 



Then u — is totally .stable. 



Proof Eq. (4.9) and < 2(/^+j^) imply 



B f'dx<B 2{f'+j')dx<g{t)d' +gi{t,d')+g2i{t,d')+g22{t), 
Jo Jo 
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where g22{t) '■— 25 J^j^{x,t)dx; hence the assumptions of Lemma 4.1 are fulfilled. Therefore, recalling 
(3.14), for any cr > we choose /3 = /3(cr) := xoct^ and d'{a,to) := J S[l3{a)]/jG{to), where 5{j3) is 



determined by the Lemma. By (3.241, (3.26)2 we find that d[uo, ui) < 5' implies j/o < ^ and, by the Lemma, 
rhs([48l); by ([3^ and again by (|3.24[) we find 



d{t) < a, 



t>to>t. 



□ 



Remark 4.1 It is easy to realize that if j is bounded w.r.t. u, namely there exists a constant K>0 and a 
continuous function jf){x,t) such that \j{x,t^U)\ < K jQ(x,t), then the previous theorem applies as well. 

4.1 Application to the problem with initial and boundary perturbations 

Theorem |4 . 1 1 can be applied to discuss the following two special situations. 



4.1.1 Application to a non-analytic forcing term 

Let us consider the special case that the function h of ( 1.1||1.4 ) be of the form 

h{x,t,<i>) EE ho{t)\Lp{x,t)\'^Lp{x,t), uj e M+. 



(4.11) 



By ( 1.7) the corresponding / is given by f{x, t, U) — hi^\u+Lp+p\^ {u+ip+p) — hi^\Lp\^Lp — Lp + k, whence 

f < [ho{\u\+\^+p\r+' - h„\^r^~Lp+kY < [ho2'^{\ur+^+\^+pr+^) - hoi^^ip-Lp+k]^ 

- [ho2'^\u\''+^ + iho2'^\ip+p\^+' - h„\ip\'^ip-Lp+k)f < 22-+1;i2|m|2-+2 + 2 [ho2^\ip+p\^+^ ~ ho\ip\'^ Lp+k)]\ 
In the second and third inequality we have used the known one 



.fe=i 



<n'-^J2i"'ky ifs>l, neN, > 0. (4.12) 

fe=i 

But applying (3.2) to u one finds |u(a;,i)| < d{u,ut), \u[x,t)\ < ^^^d{u,ut){t) for all x G [0,7r], whence 

7r 7r TT 

dx+2 J [ho 2'^\ip+p\'^+^ - hl\ip\'^ip-Lp+k)] ^ dx 



Jfdx < 





22-+l/i2|„|2<.+2, 



< 2 



TT 

'J[ho 





Ul + l ^2| ILJ 



h^o\ip\'^ip-Lp+k)\ " dx + hl 22"+id2'^+2 



If = 0, then (|3.23|) holds with 

1 



5 = 0, 



9iid,t) 
B 



hlit) (2d)2"+2 ^ ^ -3^,, ^ m = bgi.,^f [ho2-\pr^-Lp+k]'dx^ 



2B 



namely (4.1) is fulfilled (with g2i = 0); if the conditions (3.28) are fulfilled, then we can apply Lemma 4.1 
and Theorem |4JJ 



If (/? 7^ 0, then 



if the conditions (3.28 



3.23 



holds with the same g,gi and g2{t) = 2B /[/io2'^|(/7+p|'^+i - hl\Lp\^Lp~Lp+k)Y dx\ 



of the latter holding non- eventually. 



are fulfilled, then we can apply Lemma 3. 2| and Theorem 3.1 with the conclusions 
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4.1.2 Application to Lipschitz forcing terms 



We can apply Lemma 4.1 also to the case that h{x, t, W) be a Lipschitz function w.r.t. the W variables with 
a 'constant' (i.e. a maximal Lipschitz function) Hq depending only on t: 



in fact, by (1.71 



\h{x,t,W+'S>)-hix,t,^)\ < hoit) [\w\ + \w,\ + \wt\]; 



\f(x,t,U)\ ^ \h{x,t,U+P+<i>)-h{x,t,<i>)-{Lp){x,t) + k{x,t)\ 

< ho[\u+p\ + \u.j;+px\ + \ut+pt\] + \Lp-k\ 

< ho[\u\ + \u.^\ + \ut\ + \p\ + \p^\ + \pt\] + \Lp-k\, 



what implies 



f < 



fdx < 



< 



7{hl[u'^+ul + u'^t+p'^+pl+p^t] + {Lp^kf] ^ 

7 {hl[u'^+ul + uf+p^+pl+Pt] + 3ptt + Siaptf + 3fc^} dx 



Ihl 



/■TT 

522(t):= / 7{hl[p'+pl+pJ\+Zpl+i{aptf+ie]dx- 
Jo 



(4.13) 



(4.14) 



here we have used again (4.12 1 in the first line and the relation Lp = pu + apt in the second line. This shows 
that (4.1 1 is fulfilled with gi = 0, 321 = 0; if the conditions (3.28) are fulfilled, then we can apply Lemma 



4.1 



and Theorem 4.1 As an example we may choose h{x, t, W) — ho{t) sinw, what would make ( 1.1 1 a modified 
sine-Gordon equation. 



5 Examples 



Many e{t), C(t),a, f fulfill (3.4|, (3.23), and (3.28), but not the hypotheses of older theorems: 

Example 1: We assume that a>0, e{t) — eo(l+^) "7 with i'>0, eo>0, C>0, are constant (see Fig. 
[3]-lcft, where we have chosen p — Sq = I, C = 1.2) and condition (3.23) is fulfilled with 



9{t) l£ <?0i with some constant go < 



2xoXi 



Then conditions are fulfilled defining /i = min{C/2, (i^+l)(C/2eo)^^^^^^}- Note that e, e, e-^O as t-^oo. 
We find Git) = C+iyeo[l+t]-'^^ + l ^ C+l and, 



G{t)-^C+1, J(t)->0, b{t) 



Xi 



7(C+1)' 



xi .90(7+1) 



7(C+1) 2x0 



>0, 



as t ^ 00, so that (3.28) and ( |3.47[ ) are fulfilled. Theorem 3.1 applies: the solutions of ( 1.1|1.2 ) are 
eventually uniformly bounded, and u{x, t) = Q is eventually quasi-uniform-asymptotically stable in the large. 
If in addition f{x, t, 0) = 0, then Theorem 3.2 applies and the solution u = is uniformly stable. 



Example 2: We assume that e(t) = £0(1+*)", C{t) = Co(l + i)'^, condition ( |3.23[ ) is fulfilled with 
gi{t) = 0, g{t)<K{\+tY , where K,p,q,r,Co,eo,a are some constants such that 

K>0, l>q>p>0, 2p-q>r>Q, £o>0, Co>peo, a>-eo; 

this is illust rate d in Fig. [3]-right, where more specifically we have chosen eo = l, Co = 2,p = g= l/2. Then 
conditions (3.4) are fulfilled defining = (Co — J^£o)/(l+£o)- Note that C(i), e(i) — )■ 00, but e{t),C{t)^0 
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Figure 3: i-dependences for e, C in Exaraples 1,2 



as t^oo. G{t) - - i^i^-q^ whence ip{t) oo a.s t -> oo: therefore ( |3.28| ) and ( |3.47[ ) are fulfilled. 

Theorem 3.1 applies: the solutions of ( 1.1||1.2 ) are eventually uniformly bounded, and u{x, t) = is eventually 
quasi-uniform-asymptotically stable in the large. If in addition /(a;,t,0) = 0, then Theorem 3.2 applies and 
the solution u = is uniformly stable. 

Example 3: We assume that a>0; that e,e,e are bounded (in particular may be periodic); that 

C{t)^Co + Ci{l+t)-'' with Ci>0, q>0, Co>max|o,l|; that (3.23) is fulfilled with 



g,{t) = 0, 



git) < go, with some constant go < 



2xoXi 



7(7+l)(Co + Ci + l-£/2) 



This is illustrated in Fig. |4] where more specifically we have c hose n e{t) ~ 0.7 + 0.3 cost, Co = 2, Ci = 1, 
q = -1/2. We find G(t) < Ca + Ci-i+l < oo. Conditions Q are fulfilled with fj. ^ (Cp -!)/(! 



We find C+ = 0, G{t) < Cq + Ci -e/2 + l< cx), ip{t) > ;^(gL__9oA^ > Q: (|3.28|) and (|3.47|) are fulfilled 



Theorem 3.1 applies: the solutions of ( 1.1||1.2 ) are eventually uniformly bounded, and u{x, t) = b is eventually 
quasi-uniform-asymptotically stable in the large. If in addition f(x,t,0) = 0, then Theorem 3.2 applies and 
the solution 7i = is stable. 




2.5 5 7.5 10 12.5 15 



Figure 4: t-dependences for e, C in Examples 3 
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